Introduction
Let Q be a quintic spline on [a,b] Since dim Sp(5,k) = k+5, the interpolation conditions (1.2) are not sufficient to determine Q uniquely and four additional linearly independent conditions are always needed for this purpose. These are usually taken to be end conditions, i.e. conditions imposed on Q or its derivatives Q (J) ; j = 1,2,3,4, near the two end points a and b.
As might be expected the choice of end conditions plays a critical role on the quality of the spline approximation. It is well known that the best order of approximation which can be achieved by an However, these conditions require knowledge of the first derivative of y at the four points x i, .x k-i ; i + 0,1, and in an interpolation problem this information is not usually available.
The natural end conditions Q (r) (a) = Q (r) (b) =0 ; r = 3 , 4 , do not require any additional information, but the resulting natural quintic spline does not have 0(h 6 ) convergence uniformly on [a,b] .
The purpose of the present paper is to derive end conditions for quintic spline interpolation at equally spaced knots, which depend only on the given function values at the knots and lead to 0 (h   6   ) convergence uniformly on [a,b] . We derive a class of such end conditions in Section 3, by generalizing the cubic spline results of Behforooz and Papamichael (1979) to the case of quintic spline interpolation.
Preliminary Results
To simplify the presentation we use throughout the abbreviations,
The following quintic spline identities are needed for the analysis of Section 3:
{-y i-2 -10y i-1 + 10y i+1 +y i+2 } ; i = 2, 3, . . . ., k-2 , (2.2)
{ y i-2 +2y i-1 -6y i +2y i+1 + y i+2 }; 
{ y i-2 -4y i-1 + 6y i -4y i+1 + y i+2 } ; i = 2 , 3 , . . . , k -2 , (2.5)
= 20 {y i _ 1 -2y i +y i+1 } ; i = 1,2, . . . . , k ,k-1, (2.8) The relations (2.2) -(2,14) can be derived from the results of Albasiny and Hoskins (1971) , Fyfe (1971) , Ahlberg, Nilson and Walsh (1966) and Sakai (1970) .
The most convenient way for constructing Q is probably through its B-spline representation where, as usual. The following two lemmas are also needed for the derivation of the results given in Section 3:
Lemma 2.1.
where the A r are constants independent of h.
.
where
Lemma 2.1 can be established, from the representation of Q by means of the two point quintic Hermite interpolation formula, by using a trivial generalization of a result due to Hall (1968: p.214 ). Lemma 2.2 follows easily from (2.2), by Taylor series expansion about the point x i .
3, End Conditions
We let Q be a quintic spline interpolating the values y i . = y(x i ) ; i = 0 , l,...,k, at the equally spaced knots (1.1), and assume that k ≥ 6.
As before, we use the abbreviations (2.1). For this we let
and assume that y ∈ C 7 [a,b] . Then, the equations (2.2) and (3.1)
give, We denote this matrix by A, let I be the set
and for any (α ,ß , ϒ) ∈ I we assume that there exists a number M, independent of h, such that Proof.
The proof follows from (3.1),(3,7) and the results, In fact it is easy to see that, in this case, the 
The unique existence of each of these five E(α ,ß , ϒ) quintic splines can be established easily by considering the linear system for the parameters N i derived by using the end conditions (3.20) and the conaistency relations (2.5).
However, the existence of the E(21,33,5), E(17,33,9) and E(25,61,21) splines can be established only under the assumptions k ≥ 7, k ≥ 7 and k ≥ 8 respectively. We note that the parameters of each of the E(9,9, 1), E(17,33,9) and E (25, 61, 26) quintic splines satisfy (3.10) and thus, for each of these three splines,
where n = 6, rather than n = 5. Corollary 3.3.
The end conditions of an E(α ,ß , ϒ) quintic spline can be written as 
The unique existence of this spline follows at once by considering the linear system, for the parameters M. , derived from the consistency relations (2.3) and the end conditions (3.24).
Corollary 3.4. The end conditions of an E(α ,ß , ϒ) quintic spline can be written as have upon the quality of the approximation, and demonstrate the considerable improvement in accuracy obtained by using end conditions of the type considered in the present paper, instead of (4.3). The results also show that, as predicted by the theory, the 'best' E(α ,ß , ϒ) quintic splines correspond to values α ,ß , ϒ that satisfy (3.10). 
